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Abstract. Finding the nearest subspace is a fundamental problem in
many tasks such as recognition, retrieval and optimization. This hard
topic has been seldom touched in the literature, except a very few s-
tudies that address it using the locality sensitive hashing for subspaces.
The existing solutions severely suffer from poor scaling with expensive
computational cost or unsatisfying accuracy, when the subspaces origi-
nally distribute with arbitrary dimensions. To address these problems,
this paper proposes a new and efficient family of locality sensitive hash
for linear subspaces of arbitrary dimension. It preserves the angular dis-
tances among subspaces by randomly projecting their orthonormal basis
and further encoding them with binary codes. The proposed method
enjoys fast computation and meanwhile keeps the strong collision proba-
bility. Moreover, it owns flexibility to easily balance the performance be-
tween the accuracy and efficiency. The experimental results in the tasks
of face recognition and video de-duplication demonstrate that the pro-
posed method significantly outperforms the state-of-the-art vector and
subspace hashing methods, in terms of both accuracy and efficiency (up
to 16x speedup).

Keywords: Nearest Subspace Search, Locality Sensitive Hash, Linear
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1 Introduction

Subspaces enjoy strong capability of describing the intrinsic structures of the da-
ta naturally. Therefore, they often offer convenient means for the data represen-
tation in the fields of pattern recognition, computer vision, and statistical learn-
ing. Typical applications include face recognition [11, 23], video retrieval [26],
person re-identification [24], and 2D /3D matching [17,19]. In these applications,
usually finding the nearest subspaces (i.e., subspace-to-subspace search) is a fun-
damental problem and inevitably involved, which means that when the amount
of data explodes, searching the gigantic subspace database with high ambient
dimensions will consume expensive storage and computation [8,9].
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Locality-sensitive hashing (LSH) serves as one of the most successful tech-
niques for the fast nearest neighbor search over the gigantic database, which
achieves a good balance between the search performance and computational ef-
ficiency using small hash codes. [2] pioneered the LSH study for the vector data
with high dimension (i.e., vector-to-vector search), by introducing the linear pro-
jection paradigm to efficiently generate the hash codes for the specific similarity
metric. In recent years, extensive research efforts have been devoted to develop-
ing learning based hashing methods for vector-to-vector search, and have been
widely adopted in many tasks including large-scale visual search [7,22], object
detection [3,4], and machine learning [14,15,18].

Despite the progress of hashing research for the classic vector-to-vector near-
est neighbor search, rare studies have been done on developing LSH techniques
for subspace-to-subspace search. To deal with this problem, it is desirable to
represent subspaces with compact signatures without losing the locality infor-
mation. Compared to the vector data, the subspace data is more complex and
informative, mainly because that there are massive samples distributed in one
subspace, and meanwhile there also exist the inclusion relations between different
subspaces, even though their dimensions may vary largely. This certainly brings
great difficulties to distinguish the similar and dissimilar subspaces, especially
among the large-scale high dimensional database with large cardinality.

The most well-known pioneering approach for subspace search was proposed
in [1]. It maps each subspace in R™ to its orthogonal projection matrix, and sub-
sequently performs the nearest neighbor search equivalently over the projection
matrix. [11] further turns this matrix into a high-dimensional vector, and then
applies the random projection based LSH to generate binary codes. Such a solu-
tion can preserve the angular distance among subspaces with high probability.
Besides, both [1] and [11] achieved fast search with encouraging performance.
However, they heavily rely on the product of the orthogonal projection ma-
trix, which inevitably takes expensive computational cost. [23] provided a new
LSH solution by simply thresholding the angular distance for linear subspace.
However, at querying stage the number of possible candidates often increases
explosively, subsequently degenerating the sublinear search to the exhaustive
search.

In this paper, we propose a new and efficient family of locality sensitive hash
for fast nearest neighbor search over linear subspaces of arbitrary dimension. It
adopts the simple random projection paradigm, named random angular projec-
tion (RAP), to efficiently capture the subspace distribution characteristics by
the discriminative binary codes. Specifically, RAP can largely preserve the angle
of subspaces, which is a fundamental subspace similarity metric. In Figure 1 we
demonstrate how RAP generates binary codes for the video sequences. To the
best of our knowledge, our method is the fastest subspace LSH till now that en-
joys strong locality sensitivity for linear subspaces. Theoretically and practically,
we show that the proposed method can simultaneously promise discriminative
and fast binary codes generation, compared to the state-of-the-arts.
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Fig. 1. Random angular projection for subspace hashing (e.g., video sequences)

2 Subspace Angular Projection

Given a d-dimensional subspace S C R"”, our goal is to find a locality sensitive
hash H : R"*4 +— {0,1}" , i.e., it can map an arbitrary d-dimensional subspace
into a b-length binary code. Namely, if two subspaces are similar, H can encode
them with similar hash codes.

2.1 Angular Distance

Before we elaborate on the detailed design of our subspace hash function, we
first introduce the subspace distance metric commonly used in the literature.

Given any subspace S of d-dimension, it can be fully represented by its or-
thonormal basis P € R"*?. The orthonormal basis has been proved to be a kind
of good representation, which can fully characterize the feature of the subspace.
Besides, it can be obtained efficiently by applying Gram-Schmidt process with
unit-normalization on the given subspace.

Based on the orthonormal basis representation, the principal angle between
subspaces can be defined formally. It reflects the correlations among the sub-
spaces, and serves as an important and fundamental concept for subspaces in
the literature. Given subspace S; and Sy with dimension d; and dy (dy < ds) in
R™, and their orthonormal basis P; and Ps, their principal angles &, &9, ..

€4, € [0, 5] can be defined recursively [12]:
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p; 4
cos (£;) = max max H), 1
&)= s s (e 0
subject to
pipj=0andq/q; =0, for j =1,2,...,5— 1.

Based on the principal angles, we can define the common angular distance:
Definition 1 Angular Distance Given subspace S1 and So in R™, with di-
mension dy and de (di < da) respectively, the angle between S; and Sa is



dy 2/¢.
&s,,8, = arccos %, and thus their angular distance can be defined as
d
ity cos® (&)

(2)

1
dist(S1,S2) = — arccos
™

Vdivdy

The angular distance is a “true” distance metric, satisfying non-negativity,
identity of indiscernibles, symmetry and triangle inequality [11]. Subsequently,
we could define a metric space for all subspaces and further design a kind of
locality-sensitive hash on the metric space later.

Note that usually it is complicated to directly compute the angular distance
based on (1). But fortunately we have the following fact [25]:

dy
PPy = cos® (&) 3)

i=1

Therefore, we can simplify the computation of the angle s, s, by |P{ P2|/%.

2.2 Random Subspace Projection

It should be pointed out that the orthonormal basis is not unique for one sub-
space. To efficiently characterize a subspace, it is very critical to find an unique
and compact representation for subspace data.

Suppose both P and P are the orthonormal basis for subspace S of d-
dimension, then given a unit vector v € R™, we have the following observation

BT -viE =[P v (4)

Inspired by this fact, we can introduce an « function that can uniquely
characterize the orthonormal matrix form of subspace.
Definition 2 o Function A « function is defined based on a unit vector
v € R™, mapping a d-dimensional subspace S in R™ to a real number in [0, 1]

ov(8) = |[PS v} (5)

where Pg is an orthonormal matriz of S and || - || denotes the Frobenius norm.

The « function is invariant to different orthonormal matrices for the same
subspace, which means that it is able to capture the unique characteristic of the
subspace data.
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Example 1 Let Py = [ 01| and P; = % f% be the orthonormal
00 0 0
00
matrice of subspace S; inR3, Py = | 10 | be the orthonormal matriz of another
01

-
subspace Sy in R3. Then, for a unit vector v = (%7 %7 0) , we have

IP{ P27 = [P Ps|f = 1, with & = 0,6 = 7/2,



_ 1
av(S81) = [P1 vl = [Pl v][E =1, av(S2) = [Pg - v} = 5.

Based on « function, we can further define the angular projection function
for subspace S of d dimension, by appending a proper basis aqd,

2y (S) = ay(S) + apd. (6)

The projection function z, serves as a useful and efficient representation of
the subspace. Later we will show that such kind of projection induces a locality
sensitive hash function for the angular distance, so that the similar subspaces
will share the similar hash code. In the following theorem, we show that z, has
strong connections to the angular distance.

Theorem 1 Given subspaces S1 and So in R™, with dimension dy and ds re-

spectively, and
V2 1

= —, 7
0= s T (7)

if v is a random variable vector uniformly distributed in the unit sphere of R™,
then we have the following equation

2

Bl Sl = gy

[PIP. 7. (®)
where P1 and Py are any orthonormal basis of subspace S1 and Ss.

Due to the space limit, we leave the proof to the supplementary material. As
Equation (3) states that the angular distance between two subspaces has a close
relationship with the Frobenius norm of their orthonormal matrices product.
The theoretical result here further indicates that the product of their projection
values can be regarded equivalent to the Frobenius norm. Namely, we have the
following fact

d1
B = (81)2v(S2)] = g D eos® (6). )
i=1

We see that the projection function z, owns the surprising property that it can
preserve the angular distances.

Example 2 Let Py = (1,0)7 and Py = (cosy,siny)" (y is constant) respec-
tively be the orthonormal matriz of subspace Si and So in R?, with dimension
dy = dy = 1. Then, for a unit vector v = (cos7,sint) ", 7 ~ U[0, 27, we have

2 1 1 1
Bloe($1)0v($2)] = 0 1 L Blay($2)] = £, Bloy(s1)] = 1.
Thus, with ag = % - % and & =7,
cos? (&)

El2y (S1)2v(S2)] = Elay (S1)ay (S2)]+a0 (Elony (S1)] + Elow (S2)])+ad = 25U



Practically, to completely characterize the subspace with a large probability,
we can employ a series of random projection function {zy,,zv,,...,2v,, } as
one composite projection function Z and approximate the expectation in (9) by
average. Specifically, for any subspace S, we can have an m-dimensional vectorial
representation zg using projection Z:

25 = 2(9) = (24, (S), 2v2(S), -+, 2, (9)) . (10)

And it is easy to see that lim,, 1 %zglz& = E [2y(S1)2v(S2)]. The projection
vector enjoys both fast computation and good approximating power. When m
is large enough, we can guarantee that the approximation nearly converges.

3 Locality Sensitive Subspace Hashing

The vectorial representation can be generated efficiently by random subspace
projections. However, to promise a satisfying approximation to the subspace
similarities, usually we have to rely on a large number of projections, forming a
long vectorial representation. This inevitably brings expensive computation in
the nearest subspace search. Fortunately, we have a new kind of locality sensitive
hash (LSH) for subspace data, which can faithfully speed up the search by further
encoding the vectorial representation into the binary codes, while preserving the
locality among the subspaces.

Definition 3 Sign Random Projection A sign random projection fy(:),
mapping a vector x € R™ to a binary bit using r € R™, is defined as

fr(x) = sgn(rTx). (11)

For any two vectors x and y, if r is a random variable vector, uniformly dis-
tributed in the unit sphere of R™, then we have the following fact [6]
x'y

1
Pr(fe(x) = fe(y)] =1 — - arccos(m .

(12)

For the subspace search problem, we could further define a metric space
(£2,dist) for all subspaces of R™ based on the angular distance for subspaces in
Equation (2), where £2 = {S C R™|S is a subspace of R"}. Then, we find that the
sign random projection combined with the random subspace projection function
can serve as a new family of locality sensitive hash function in the metric space
(12, dist). Namely, the following theorem holds:

Theorem 2 When m is large enough, H = fy 0 Z is a locality sensitive hash de-
fined on ({2, dist) approzimately, i.e., H is (0,0(1 +€),1 — 0,1 — 5(1 + €))-sensitive
with 6, > 0.

Now we have our random angular projection (RAP) based LSH function,
and the theoretical result indicates that the composite function H satisfies the
locality sensitivity to the angular distance, when using a large number of angular
projections. The LSH function for subspace uses the following two steps: first
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Table 1. Comparison of collision probability p and the complexity ¢ of encoding a
subspace from orthonormal basis to a b-length binary code.

RAP BSS GLH
p 1-90 1-94 -
O(bm + dmn) O(bn?) O(bdn)

projecting the subspace into a high-dimensional vector, and second encoding
the vector into a binary code. Table 1 compares the locality sensitivity and time
complexity of state-of-the-art solutions. The time complexity of RAP is linear
to the space dimension n, which largely reduces the computation, compared to
O(n?) of existing subspace hashing methods [11].

With the LSH property, following [10, 13] we can theoretically guarantee the
sublinear search time based on the binary codes generated for all subspaces.
Theorem 3 Given a subspace database D with N subspaces in R™, for a subspace
query S, if there exists a subspace S* such that dist(S,S*) < §, then with p = Inpy

In
(1) using N* hash tables with log, /,, N hash bits, the random angular hash of giz
even order is able to return a database subspace S such that dist(S,S) < 6(1 +€)
with probability at least 1 — % - %, ¢ > 2; (2) the query time is sublinear to
the entire data number N, with N*log, ,,, N bit generations and cN* pairwise

distances computation.

4 Experiments

Subspace search has been widely involved in many applications, including face
recognition, video search, action recognition, etc. To comprehensively evaluate
our method RAP, here we choose the two popular tasks: face recognition and
video search. For more experimental results on gesture recognition, please refer
to the supplementary material. We compare our RAP method with the state-of-
the-art subspace hashing methods, including BHZM [1], Binary Signatures for
Subspaces (BSS) [11] and Grassmannian-based Locality Hashing (GLH) [23]. All
these methods rely on the random way to generate hash codes. We also adopt
several state-of-the-art unsupervised vector hashing methods as the baselines,
including the random locality sensitive hashing (LSH) [2], and the learning based
methods: iterative quantization (ITQ) [7], dubbed discrete proximal linearized
minimization (DPLM) [20] and adaptive binary quantization (ABQ) [16].

4.1 Face Recognition

Face images with fixed pose under different illumination conditions lie near linear
subspaces of low dimension [11]. Therefore, the face recognition in this scenario
can be regarded as a nearest subspace search, where a set of face images belonging
to the same person can be easily represented by a subspace.

Dataset: The two popular datasets are adopted: the Extended Yale Face
Database B [5] containing 38 individuals each with about 64 near frontal images
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Fig. 2. The examples of face recognition and video retrieval datasets

under different illuminations, and PIE database [21] consisting of 68 individuals
each with 170 images under 5 near frontal poses, 43 different illumination con-
ditions and 4 different expressions. On PIE database, we choose the frontal face
images (C26 and C27). On the Extended Yale Face Database B, we randomly
choose 30 images per individual as the database set, and 11 images from the
rest images as the testing set. Similarly, on the PIE database the database and
testing set contain 20 and 15 images respectively per individual.

Ezperiment Setup: Each face image is represented by a 1,024-length vector,
and thus images of the same individual will constitute a subspace in R'924, For
each individual in Yale Face, we extract a representative subspace of dimension
d =9 (d = 14 for PIE datasets) by taking the top principal components as BSS
did. For the testing set we generate the query subspaces with different dimensions
dg =7,9,11 on Yale Face and d, = 13, 14, 15 on PIE respectively. For the vector
hashing methods, without reduction we directly utilize the original face vectors.

Results: Table 2 and 3 list the precision of the top-1 results and search time
of different methods for the face recognition task. Here, the search time consists
of two parts: the encoding time and the retrieval time per query subspace. In the
table, the learning based vector hashing methods outperform the random LSH
method. However, they heavily rely on the training process, which requires extra
computational cost (see the train time). Moreover, we can see that the random
subspace hashing methods RAP and BSS can perform much better than all
vector hashing methods. This is because that the vector hashing, considering
the vector data independently, can hardly capture the intrinsic distributions
in the subspace. In all cases, our RAP achieves close, sometimes even better
performance to BSS, which is consistent with our analysis in Table 1 that RAP
and BSS share the same locality sensitivity power to the angular distance. As
to the query time, RAP can get up to 16x speedup, compared to BSS.

Figure 3 (a) and (b) further investigate the effect of the code length b on
the precision performance and the speed acceleration (i.e., speedup). Here, we
attempt to simulate the real world case by randomly choosing d and d, of each
subspace from {3,5,7}. Here, since GLH works in a different way from BSS
and RAP, its performance isn’t affected by the code length. In the figures, we



Table 2. Face recognition performance on Yale Faces

PRECISION (%), b = 512,d = 9,m = 10* SEARCH TIME (s)
METHODS
dg=7 | dg=9 | dg=11 dg =7 [ dg=9 [ dg=11
LSH 45.84 4+3.49 0.0025
“ ITQ 47.89 13.86 0.0016 (TRAIN TIME 5.73)
E DPLM 46.84 4510 0.0022 (TRAIN TIME 0.49)
2 ABQ 58.42 11.05 0.0028 (TRAIN TIME 22.26)
,; BHZM 14.21 45,41 16.31 +8.55 16.84 +3.93 0.0080 0.0080 0.0087
BSS 74.21 4+8.05 72.63 £4.27 73.68 +3.72 0.1349 0.1349 0.1219
RAP 72.10 t6.13 73.10 1358 82.10 +6.09 0.0078 0.0078 0.0084
Table 3. Face recognition performance on PIE Faces.
PRECISION (%), b = 1024, d = 14, m = 10* SEARCH TIME (S)
METHODS
dg =13 [ dg=14 [ dg=15 dg =13 [ dg=14 [ dy =15
LSH 57.64 4+2.35 0.0075
) 1TQ 52.64 41.44 0.0077 (TRAIN TIME 13.48)
é DPLM 79.41 42,07 0.0079 (TRAIN TIME 6.82)
; ABQ 81.47 4+1.99 0.0137 (TRAIN TIME 3.17)
= BHZM 38.82 14,97 41.76 42.72 37.94 4+5.76 0.0166 0.0175 0.0186
BSS 97.05 +2.63 95.58 4+2.27 95.29 42 35 0.1252 0.1274 0.1259
RAP 96.17 £o.72 | 96.47 1072 | 97.35 1235 | 0.0089 0.0111 0.0114

also show the results using exhaustive search (‘Scan’). From the figures, we
can see that all the subspace hashing methods can obviously improve the search
efficiency, and our RAP gains close performance to BSS, due to the same collision
probability. Moreover, with more hash bits, RAP is able to approximate or even
outperform exhaustive search strategy, but completing the search at a much
higher speed (more than 10x speedup over BSS and Scan).

Figure 3 (c) shows RAP performance with respect to the dimension m of
the subspace projection vector (here we set b = 2,000). In general, a larger
m promises better performance, which is consistent with our approximation
analysis in Section 2.2. We can see that m > 500 is sufficiently large for a
satisfying performance in practice.

4.2 Near-duplicated Large-Scale Video Retrieval

Next, we evaluate the performance in the video retrieval task. Here, traditional
vector hashing methods individually encode each video frame into a binary code,
but neglect the temporal relations among frames. The subspace hashing can
address this problem by treating the consecutive frames as one subspace.
Dataset: The UQ_VIDEO [22] is one of largest databases for near duplicate
video retrieval. It contains 169,952 videos in total and 3,305,525 key frames
extracted from these videos. The database provides 24 selected query videos,
each of which have a number of near duplicate videos, and other videos serve as
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Fig. 3. The effect of different b and m on Yale Face. To simulate the real world scenarios,
we adopt random d and dg in (a) and (b), and random d in (c).

Table 4. Video retrieval performance on UQ_VIDEO.

Mrons MAP (%), d=dq =5 SEARCH TIME (s)
b=128 b = 256 b =512 b =128 b = 256 b =512
LSH 30.73 +1.01 30.20 +0.34 31.53 +o.06 5.5660 7.5578 16.7660
ITQ 28.92 40.30 - - 5.3990 - -
DPLM 34.09 +1.60 37.24 10.95 39.15 to0.91 5.0560 6.9249 16.8364
ABQ 25.39 40.20 24.72 10.04 25.92 4023 9.6779 | 17.3563 | 29.2905
BSS 36.91 1+3.57 50.32 +o0.10 57.47 1+1.32 1.2842 1.2261 1.7796
RAP 37.48 11.60 51.50 4+0.04 58.12 1220 1.2688 1.2444 1.7593

background videos. We use the provided global color histogram feature with 162
dimensions as the input feature for each frame.

Ezxperiment Setup: We first construct the database set with all the videos
except those with very few frames, forming a database set with nearly 3,000,000
key frames. For each video, we use every d = 5 consecutive frames without
overlap to form a subspace. At the search stage, we use the Hamming distance
ranking strategy to rank all the video clips in the database set according to the
averaged Hamming distances to the query.

Results: Table 4 shows the mean average precision (MAP) and search time
using Hamming distance ranking in the video search task. It is easy to see that
the subspace hashing methods perform much better than the state-of-the-art
vector hashing methods. Besides, when using different number of hash bits, our
RAP method can consistently achieve the best performance. Note that here we
only adopt features of 162 dimensions, and thus RAP and BSS spend similar time
cost on the search. But in practice, as the feature dimension increases RAP’s
speedup will become much more significant (see the speedup in Figure 3(b) and
the analysis in Table 1). Moreover, in this large-scale task, RAP obtains more
than 5x faster than the vector hashing methods.

5 Conclusions

This paper mainly concentrated on the fast nearest neighbor search over massive
subspace data, and proposed a new family of locality sensitive hashing method
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named random angular projection (RAP) for linear subspaces of arbitrary di-
mension. RAP encodes the subspace by random subspace projections and binary
quantization, and theoretically enjoys fast computation and strong locality sen-
sitivity. Our experiments in several popular tasks show that the proposed RAP
method, obtaining state-of-the-art performance, can be a promising and practi-
cal solution to the nearest subspace search.
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